We prove the existence of global weak solutions to the Navier-Stokes equations for a one-dimensional viscous polytropic ideal gas. We require only that the initial density is in L°°r\Lfoc with positive infimum, the initial velocity is in Lfoc, and the initial temperature is in Lloc with positive infimum. The initial density and the initial velocity may have differing constant states at x = ±00. In particular, piecewise constant data with arbitrary large jump discontinuities are included. Our results show that neither vacuum states nor concentration states can form and the temperature remains positive in finite time.
Abstract.
We prove the existence of global weak solutions to the Navier-Stokes equations for a one-dimensional viscous polytropic ideal gas. We require only that the initial density is in L°°r\Lfoc with positive infimum, the initial velocity is in Lfoc, and the initial temperature is in Lloc with positive infimum. The initial density and the initial velocity may have differing constant states at x = ±00. In particular, piecewise constant data with arbitrary large jump discontinuities are included. Our results show that neither vacuum states nor concentration states can form and the temperature remains positive in finite time.
Introduction.
We study the global existence of weak solutions to the Cauchy problem for the Navier-Stokes equations for a one-dimensional viscous polytropic ideal Here p, v, and 9 denote the density, the velocity, and the absolute temperature, respectively, P = P(p, 9) is the pressure having the form (ideal gases) P = Rp9, (1.5) p,cy,n,R are positive constants, and at infinity, the initial data po,vo,9o satisfy lim (p0(x),v0(x),e0{x)) = (p±,v±,9), (1.6)
x->±00
where p^,9 are positive constants and v± are constants satisfying v~ <v+.
To describe the assumptions on the initial data, we define smooth functions 0 < ~p(x), v(x) € C°°(R) satisfying -( \ Ip+' x~1' -r \ jv+t X>1, p(x) = < v(x) = { (1.7) I p , X < -1, \v , x < -1.
Then our hypotheses upon the initial data are that (p0 £ L°°(R), infRPo(-) >0, p0-p, v0 -v 6 L2(R), ||_ln|_ieL1(E); infR6»0(-)>0.
Since the first work of Kazhikhov and Shelukhin [14] on the global existence in the dynamics of a one-dimensional compressible viscous heat-conducting fluid for large initial data, significant progress has been made on the mathematical aspect of the initial and initial boundary value problems for (1.1)-(1.3). For initial data in H1, the existence and uniqueness of global generalized (strong) solutions to the Cauchy problem and to different initial boundary value problems have been known. Moreover, the global solution is asymptotically stable as time tends to infinity; see, for example, [13, 1, 16, 17, 18, 6, 10, 11] and others, where p+ = p~ and = 0 are assumed. In [9] global generalized solutions to the Cauchy problem were studied for the initial data in H1 where differing end states p±,v± with v~ < v+ are allowed. Our aim in this paper is to prove a global existence theorem on weak solutions to (1.1)-(1.4). In particular, our result allows piecewise constant data with arbitrary large jump discontinuities. An important physical consequence of our result is that neither vacuum states (p = 0) nor concentration states (p = oo) can occur in the solution and the temperature remains positive, no matter how large the oscillation of initial data.
Before stating the main result of the present paper we introduce the notation used throughout this paper: Let s be a real number and let 1 < p < oo. By Ws'p we denote the usual Sobolev space defined over R with norm || ■ Hs = Ws'2 with norm || • H^s, LP = w°'p with norm || • \\LP. W£cp, H(oc, and Lfoc denote Wf*(R), Hfoc(R), and Lfoc(R), respectively. LP(I, B) resp. || • ||denotes the space of all strongly measurable, pthpower integrable (essentially bounded if p -oo) functions from I to B resp. its norm, I C R an interval, B a Banach space. We also use R+ := [0,oo). The same letter C (sometimes used as C(X,...)
to emphasize the dependence of C on X,...) will denote various positive constants which may depend on T but not on e.
Now we introduce the definition of weak solutions. definition. We say that (p(x,t),v(x,t),8(x,t)) is a global weak solution of (1.1)- Thus, the main result of this paper reads: Theorem 1.1. Assume that po,vo,9o satisfy (1.8). Then there exists a global weak solution (p,v,9) of (1.1)-(1.4), such that for all p < 3/2, 9X £ Lfoc(K+ x R), and for any
where C\, C2, C are positive constants which may depend on T.
The proof of Theorem 1.1 is based on passing to the limit for the smooth approximate solutions and a basic energy estimate which is deduced by using some relations associated with the second law of thermodynamics.
Due to the differing end states, some difficulties arise in the derivation of the energy estimate.
We can overcome these difficulties by exploiting the facts that v~ < v+ and that the end states for 90 are the same. The boundedness of p from below and above can be obtained by using arguments similar to those in [13, 1] while lower bounds of 9 can be achieved by applying the maximum principle for linear parabolic equations in unbounded domains. In order to pass to the limit for the smooth approximate solutions we apply Lemma 5.1 of Lions [15, p. 12] on weak compactness.
This needs the estimates of some derivatives of (p, v, 9) in some Lp spaces, and we use the basic energy estimate and the interpolation theory to derive the estimates of the derivatives. In Sec. 2 we derive uniform a priori estimates for the approximate solutions and the proof of Theorem 1.1 is given in Sec. 3.
2. Uniform a priori estimates for the approximate solutions.
In this section we derive some uniform a priori estimates for the approximate solutions which are obtained by mollifying the initial data.
Let je(x) denote the standard Friedrichs' mollifier, let pg(x) := po*je, Vq(x) := vq * j,, Oq(x) := 9o * je-Then under the conditions of Theorem 1.1, let us consider the Cauchy problem (1.1)-(1.4) with (pq,vq,6q) replaced by (Pq,Vq,9q).
Firstly applying Jensen's inequality and (1.8), and taking into account C\ < 9q(x) < C(e) that follows from lim^i^oo 6°(x) = 9 and the properties of mollifier, we have
Noting that \x -logx -1| < C\x -1|2 for 5 < x < C\, we get
For the sake of simplicity we will drop the subscript e throughout this section.
To construct the approximate solutions (p(x,t),v(x1t),6(x1t)) and to derive the a priori estimates, it is convenient to use Lagrangian coordinates instead of Eulerian coordinates (x,t). We introduce the coordinate transformation:
We will prove later that p(x,t) is bounded and strictly away from 0, then for each t > 0 the mapping (the inverse mapping of r(x, t)) x = x(y, t): R -> R is surjective. Hence, we can reformulate the problem (1.1) (1.4) in Lagrangian coordinates (y,r); that is, if we denote u := 1/p, the specific volume, and use t instead of r in the case without confusion, for the Cauchy problem (1.1)-(1.4) with initial data (pq,Vq,9q).
We have the following basic energy estimate which is obtained by using some relations associated with the second law of thermodynamics and which embodies the dissipation induced by viscosity and thermal diffusion. Note that for x > 1, logx < \/2(x -log a: -l)1^2, we get from the above inequality that ncrvydyds < C f f--log --l) dy + C J{y\u(y,t)>u(y),\y\<l} Ku U J u u ~ u < £ -log " -1 \ dy + Ce 1 (0 < e < 1). u J Substituting (2.12) into (2.11), taking e appropriately small, taking into account suppuy C {y I \y\ < 1}, and applying Cauchy-Schwarz's inequality, we conclude that f (W + (v-v)2)(y,t)dy+ f j + -^j dyds < C + C f f (v -vfdyds, JR JO JR \ J JO JR which, by applying Gronwall's inequality, immediately gives the lemma. The proof is complete. □ With the above basic energy estimate, we are able to bound the specific volume u(y, t) and the temperature 6(y,t).
Lemma 2.2. There are positive constants Ci,C% which may depend on T, such that C\ < u(y,t) < C2,Ci < 0(x,t) \/x € R, t £ [0,T].
(2-13)
Proof. The proof of the boundedness of p is parallel to that for generalized (strong) solutions (see, e.g., [1, 13] ). For the sake of completeness we present the proof here.
It is easy to see that Lemma 2.1 implies £ (| "log| _ l) (V>t)dy, (t -log| -l) (y,t)dy < C, fe[0,T]. (2.14)
Since x -log x -1 is convex, one sees that r+1 u ri+1 u fi+18 ri+l o / -dy -log/ -dy-1, / =dy -log / =dy-l<C, t e [0,T], (2.15)
The estimates (2.14), (2.15) show that To show that the temperature is bounded below away from zero, we apply the maximum principle. To this end we write Eq. (2.6), using the estimate C\ < u(y,t) < C%, as follows: 3. Proof of Theorem 1.1. In this section, using the a priori estimates established in Sec. 1 and the method of weak convergence, we pass to the limit and consequently prove the existence of global weak solutions to (1.1)-(1.4).
By the convexity of the function x -log x -1 and (3.4), the inequality (3.4) still holds for the limit functions; that is /.!( --log --1 I + ( = -log = -1 ) + (y -v)2 } (x, t)dx < C (3.7) ,P P From (3.12), (3.9), Lemma 5.1 in [15] , and the fact that p£(ve)2 -* pv2 and p > 0, one gets pv2 ■<-pc(ye)2 -*■ /w2, which gives v2 -v2. Hence, by Theorem 1 of [5], ve(x,t) -> v(x,t) strongly in L2oc(R+ x R). We have proved (3.8).
Now we multiply the system (1.1)-(1.3) with (p,v,9) replaced by (pe,ve,9e) by 0 e Co°(M+ x R), integrate over (0, oo) x R, and integrate by parts. Letting e j 0, applying (3.5), (3.6), and (3.8), and summing up the results for (p, v, 6) obtained above, we see that (,p,v,9) obtained in (3.5) is indeed a weak solution of (1. 1)-(1.4) . Finally, the estimate (1.10) follows from (3.1) and (3.7). This completes the proof of Theorem 1.1. □
